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y2
1 + y2

2 + · · · + y2
p − y2

p+1 − y2
p+2 − · · · − y2

p+q,

5�/´��(½�.
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yyy²²²JJJ���. ��g.f²L�òz��5O�X = BY,X = CZC�

f(x1, x2, · · · , xn) = y2
1 + · · ·+ y2

p − y2
p+1 − · · · − y2

p+q (∗)

f(x1, x2, · · · , xn) = z2
1 + · · ·+ z2

t − z2
t+1 − · · · − z2

t+r (∗∗).

�p > t. ·�kZ = C−1BY ,PC−1B = (gij) ∈ Rn×n. �ÄÛg�5�§|

z1 = g11y1 + g12y2 + · · ·+ g1nyn = 0

z2 = g21y1 + g22y2 + · · ·+ g2nyn = 0

· · · · · · · · ·

zt = gt1y1 + gt2y2 + · · ·+ gtnyn = 0

yp+1 = 0

· · · · · ·

yp+q = 0

�§|¹n���þ, < n��§,�k�")(a1, a2, · · · , as, 0, · · · , 0), �

\(∗)ª,��a2
1 + a2

2 + · · ·+ a2
s > 0. �\(∗∗)ª,��−z2

t+1 − · · · − z2
t+r < 0.

gñ. �
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KKK1. ��g.

f (x1, x2, · · · , xn) = y2
1 + y2

2 + · · · + y2
t − y2

t+1 − y2
t+2 − · · · − y2

t+s,

Ù¥yi = ai1x1 + ai2x2 + · · · + ainxn, 1 ≤ i ≤ t + s. ¦y: f��.

5�êp ≤ t,K.5�êq ≤ s.
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yyy²²²JJJ���. �²L�òz��5O�X = CZC�

f(x1, x2, · · · , xn) = z2
1 + z2

2 + · · ·+ z2
p − z2

p+1 − y2
p+2 − · · · − z2

p+q,

u´k

y2
1+y2

2+· · ·+y2
t−y2

t+1−y2
t+2−· · ·−y2

t+s = z2
1+z2

2+· · ·+z2
p−z2

p+1−y2
p+2−· · ·−z2

p+q.

b�p > t,�Ä�5�§| yi = 0, 1 ≤ i ≤ t

zj = 0, p + 1 ≤ j ≤ p + q

ù´±n���ê{x1, x2, · · · , xn}�¹kt + n − p��§�àg�5�§

|,7k�"). �\þ¡ªf, �>≤ 0, m>≥ 0, ¤±�U�u0. q

lz2
1 + z2

2 + · · · + z2
p = 0íÑzi = 0, 1 ≤ i ≤ p. ùL²X = CZ = 0,��"

)gñ. Ïdp ≤ k. Ónq ≤ s. �
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KKK2. ½ÂN�f : Rn → RXe:

f (X) = |x1|+· · ·+|xr|−|xr+1|−· · ·−|xr+s|,∀X = (x1, x2, ..., xn)T ∈ Rn,

Ù¥r ≥ s ≥ 0. y²:

(1) �3V���n − r�f�mW , ¦�éu?¿�X ∈ W ,

kf (X) = 0;

(2) eW1, W2´Rn�ü�n − r�f�m, �÷vé?¿�X ∈
W1 ∪W2,kf (X) = 0,K�½kdim(W1 ∩W2) ≥ n− (r + s).

(2002��p��ê�ïK)
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yyy²²²JJJ���. (1) -W = span{e1 + er+1, · · · , es + er+s, er+s+1, · · · , en} , Ù

¥ei�Rn¥�IOü �þ. KW�¤¦.

(2)Äk,·�äó: �W´Rn�f�m, ÷vf(W ) = 0, KdimW ≤ n − r.

·���y²W¥?¿n − r + 1��þα1, α2, · · · , αn−r+1�5�'=�.

¯¢þ, Pαi = (xi1, · · · , xi,r, xi,r+1, · · · , xi,r+s, xi,r+s+1, · · · , xi,n)
T , 1 ≤ i ≤

n− r + 1. Ké?¿�λ1, λ2, · · · , λn−r+1 ∈ R,Ñkf(
∑n−r+1

i=1 λiαi) = 0. =

r∑
j=1

|
n−r+1∑

i=1

λixij| −
r+s∑

j=r+1

|
n−r+1∑

i=1

λixij| = 0. (∗)

�Ä�5�§|
n−r+1∑

i=1

λixij = 0, r + 1 ≤ j ≤ n,

§�¹n−r��§, n−r+1���þ. Ïd7k�")(λ1, λ2, · · · , λn−r+1),

λi ∈ R, 1 ≤ i ≤ n− r + 1.
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Ø��λn−r+1 6= 0. �\(∗)ª,�

r∑
i=1

|
n−r+1∑

i=1

λixij| = 0,

l
n−r+1∑

i=1

λixij = 0, 1 ≤ j ≤ r,

�k
n−r+1∑

i=1

λixij = 0, 1 ≤ j ≤ n.

=
n−r+1∑

i=1

λiαi = 0.

Ïd

αn−r+1 = −
s∑

i=1

λi

λn−r+1
αi.

=α1, α2, · · · , αn−r+1�5�'.ùÒy²
dimW ≤ n− r.
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Ùg, PU = {(x1, x2, · · · , xn)
T ∈ Rn | xi = 0, 1 ≤ i ≤ r + s}. Kw

,f(U) = 0�dimU = n − r − s. ·�äó,eW´Rn�n − r�f�m,÷

vf(W ) = 0, K7kU ⊆ W . ¯¢þ, w,f(U) = 0. b�U * W , �0 6=

β0 ∈ U\W , �W��|Äβ1, β2, · · · , βn−r, Kβ0, β1, β2, · · · , βn−r�5Ã'.

-V0 := span{β0, β1, β2, · · · , βn−r},Kf(V0) = 0�dimV0 = n− r + 1 > n− r.

�þ¡äógñ. ÏdU ⊆ W .

y3,eW1, W2´Rn�ü�n− r�f�m,�÷vf(Wi) = 0, i = 1, 2. dþ

¡äó�U ⊆ W1 ∩W2.�

dim(W1 ∩W2) ≥ dimV2 = n− r − s.

y.. �
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§2.'u��½Ý
�¿�^�

···KKK. ¢ê�Rþ��g.f (x1, x2, · · · , xn) = X ′AX�½

⇐⇒ A�¤k^SÌfª> 0;

⇐⇒ A�¤k^SÌfª��ê{fª> 0;

⇐⇒ A�¤kÌfª> 0.

···KKK. é¡
A ∈ Rn×n´��½

⇐⇒ A���Ìfª�≥ 0.

555. ^�”é¡
A�¤k^SÌfª≥ 0”¿ØUíÑ”A´��

½”. �~: A =

(
0 0

0 −1

)
.
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§3.��½Ý
�©)

KKK3. �A´��½Ý
,K�3�����½Ý
B,¦�A = B2.

¿�éu?¿Ý
C, BC = CB⇐⇒AC = CA.

yyy²²²JJJ���. �A´��½Ý
,¤±�3��Ý
T ,¦�

A = T−1diag{λ1, λ2, . . . , λn}T.

Ù¥0 ≤ λ1 ≤ λ2 ≤ · · · ≤ λn.

-B = T−1diag{λ1/2
1 , λ

1/2
2 , . . . , λ

1/2
n }T ,KB´��½
�÷vA = B2.
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��5. ��k����½Ý
C÷vA = C2. K�3��Ý
S,¦�

C = S−1diag{µ1, µ2, . . . , µn}S.

Ù¥0 ≤ µ1 ≤ µ2 ≤ · · · ≤ µn. dd��

A = C2 = S−1diag{µ2
1, µ

2
2, . . . , µ

2
n}S.

Ïdµ2
1, µ

2
2, . . . , µ

2
n´A�A��.¤±λi = µ2

i ,=µi = λ
1/2
i , 1 ≤ i ≤ n. �

C = S−1diag{λ1/2
1 , µ

1/2
2 , . . . , µ1/2

n }S.

2dA = B2 = C2�

A = T−1diag{λ1, λ2, . . . , λn}T = S−1diag{λ1, λ2, . . . , λn}S.
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PTS−1 = (pij)n×n,Kk

TS−1diag{λ1, λ2, . . . , λn} = diag{λ1, λ2, . . . , λn}TS−1,

=pijλj = λipij.¤±3λi 6= λj�,kpij = 0. Ïdðk

pijλ
1/2
j = λ

1/2
i pij, 1 ≤ i, j ≤ n.

=ðk

TS−1diag{λ1/2
1 , λ

1/2
2 , . . . , λ1/2

n } = diag{λ1/2
1 , λ

1/2
2 , . . . , λ1/2

n }TS−1,

=

B = T−1diag{λ1/2
1 , λ

1/2
2 , . . . , λ1/2

n }T = S−1diag{λ1/2
1 , µ

1/2
2 , . . . , µ1/2

n }S = C.
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��,eDA = AD,=

DT−1diag{λ1, λ2, . . . , λn}T = T−1diag{λ1, λ2, . . . , λn}TD.

¤±

TDT−1diag{λ1, λ2, . . . , λn} = diag{λ1, λ2, . . . , λn}TDT−1.

Óþ¡��?Ø�

TDT−1diag{λ1/2
1 , λ

1/2
2 , . . . , λ1/2

n } = diag{λ1/2
1 , λ

1/2
2 , . . . , λ1/2

n }TDT−1,

=DB = BD. �

5551. �A��½
�,B�´�½
.

5552. ly²L§�±wÑ,K8¥�2�±U¤?¿��êk.
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§4.�_Ý
�4©)

KKK4. é?¿n��_Ý
A,�3��Ý
TÚü��½Ý
B, B1,

¦�

A = B1T = TB.

¿�ù�©)´���.
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yyy²²²JJJ���. Ï�A´�_
, ¤±A′A´�½
,¤±�3�½
B, ¦

�A′A = B2.

-T = AB−1, KT ′T = B′−1A′AB−1 = B−1B2B−1 = I . ¤±T´��
,

�A = AB−1B = TB.

��5. ��3��
SÚ�½
C,¦�A = TB = SC. K��O�

�A′A = B2 = C2. dþ¡�K8�B = C,ÏdT = S.

y²A = B1T . ¯¢þ, A = TB = (TBT ′)T , -B1 = TBT ′. ÏB�½

�B1�´�½�. Ón�±y²��5. �
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KKK5. é?¿n��_Ý
A,�3��Ý
SÚS1,¦�

A = Sdiag{λ1, λ2, · · · , λn}S1,

Ù¥0 < λn ≤ · · · ≤ λ2 ≤ λ1,qλ2
1, λ

2
2, · · · , λ2

n´�½Ý
A′A�¤

kA��.

yyy²²²JJJ���. ÏAk4©)ªA = BT , Ù¥B´�½
, T´��


, �A′A = B2.òBz�IO., =�3��
S, ¦�S ′BS =

diag{λ1, λ2, · · · , λn}. ¤±λ2
1, λ

2
2, · · · , λ2

n´B2 = A′A�¤kA��. ¿

�A = Sdiag{λ1, λ2, · · · , λn}S ′T . -S1 = S ′T ,K8=y. �
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§5.Ø�_Ý
�4©)

�A, B ∈ Rm×n,XJ�3��
P, Q¦�B = PAQ,K¡A�

��-uB. Ý
��-'X´Rm×n¥��d'X.

KKK6.y²n��_¢Ý
A���-udiag{u1, u2, · · · , un}, ù

pu1, u2, · · · , unÑ´�¢ê,�u2
1, u

2
2, · · · , u2

n´A′A�¤kA��.

KKK7.y²?¿n�¢�
AÑ���-u/X

(
B 0

0 0

)
�Ý
,Ù

¥B´r��_¢�
, r = rank(A).
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KKK8. y ² ? ¿n� ¢ � 
AÑ � � � -

udiag{


u1 · · · 0

· · · · · · · · ·
0 · · · ur

 , 0}� Ý 
,Ù ¥r = rank(A),

u1, u2, · · · , unÑ´�¢ê, �u2
1, u

2
2, · · · , u2

n´A′A�¤kA�

�.

KKK9. �A ∈ Rn×n,K�3��Ý
T ,��½Ý
S1, S2,¦�A =

S1T = TS2.
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